Abstract. We obtain two analytic solutions for the weighted Fermat-Torricelli problem in the Euclidean Plane which states that: Given three points in the Euclidean plane and a positive real number (weight) which correspond to each point, find the point such that the sum of the weighted distances to these three points is minimized. Furthermore, we give two new geometrical solutions for the the weighted Fermat-Torricelli problem (weighted FermatTorricelli point), by using the floating equilibrium condition of the weighted Fermat-Torricelli problem (first geometric solution) and a generalization of Hofmann's rotation proof under the condition of equality of two given weights (second geometric solution).
Introduction
We state the weighted Fermat-Torricelli problem in R 2 :
Problem 1. Given a triangle △A 1 A 2 A 3 with vertices A 1 = (x 1 , y 1 ), A 2 = (x 2 , y 2 ), A 3 = (x 3 , y 3 ), find a fourth point A F = (x F , y F ) which minimizes the objective function
where B i is a positive real number (weight) which corresponds to A i .
By replacing B 1 = B 2 = B 3 in (1.1), we obtain the (unweighted) Fermat-Torricelli problem which was first stated by Pierre de Fermat (1643) .
The solution of the weighted Fermat-Torricelli problem (Problem 1) is called the weighted Fermat-Torricelli point A F .
The existence and uniqueness of the weighted Fermat-Torricelli point and a complete characterization of the "floating case" and "absorbed case" has been established by Y. S Kupitz and H. Martini (see [9] , theorem 1.1, reformulation 1.2 page 58, theorem 8.5 page 76, 77). A particular case of this result for three non-collinear points in R 2 , is given by the following theorem: Theorem 1. [1] , [9] Let there be given a triangle △A 1 A 2 A 3 , A 1 , A 2 , A 3 ∈ R 2 with corresponding positive weights B 1 , B 2 , B 3 . where u(A k , A l ) is the unit vector from A k to A l , for k, l ∈ {0, 1, 2, 3} Concerning the solution of the weighted Fermat-Torricelli problem with the use of analytic geometry and trigonometry, we mention the works of [3] , [8] , [10] [5], [4] , [14] and [18] .
(Weighted Floating Case). (c) If there is a point
Recently, an analytic solution, which express explicitly the coordinates of the weighted Fermat-Torricelli point with respect to the coordinates of the three points A i and the three weights B 1 , B 2 B 3 for the weighted Fermat-Torricelli problem with respect to the weighted floating case of Theorem 1 has been derived in [13] and for the case B 1 = B 2 = B 3 = 1 has been derived in [11] .
In this paper, we present two new analytical solutions for the weighted Fermat-Torricelli problem in R 2 in the weighted floating case of Theorem 1. The first analytical solution gives the coordinates of the weighted Fermat-Torricelli point as a function of the coordinates of the three non collinear points and the three given weights (real positive numbers) in a different way from [13] and [11] (Theorem 2. Section 2).
The second analytical solution gives the location of the weighted Fermat-Torricelli point as a function of two inscribed angles of the circumscribed circle which passes form the three non collinear points and the three given weights by applying a coordinate independent approach given in [18] (Theorem 3, Section 3).
The first geometrical solution of the weighted Fermat-Torricelli point with ruler and compass focuses on constructing the intersection of two Simpson lines (weighted case) by applying the duality of the weighted Fermat-Torricelli problem which was introduced in [13] (Problem 2, Section 4).
Finally, the second geometric solution of the weighted Fermat-Torricelli point focuses on finding the angle of rotation of the three non collinear points about one of them and generalizes Hofmann's rotation proof ( [1] , [6] , [12] ) regarding the equality of the given weights (Problem 3, Corollary 3, Section 4).
Analytical solution of the weighted Fermat-Torricelli problem
We obtain an analytic solution for the floating case of Theorem 1, i.e the weighted Fermat-Torricelli point A F is an interior point of △A 1 A 2 A 3 , such that the coordinates x F and y F of A F are expressed explicitly as a function of x i , y i and B i , for i = 1, 2, 3, by using analytic geometry in R 2 . We denote by a ij the length of the linear segment A i A j and α ikj the angle fig. 1 ).
Without loss of generality, we set
We need the following two lemmata: 
where 
for i, j, k = 1, 2, 3, and i = j = k.
Theorem 2. Under the condition (1.2) of the weighted floating case, the coordinates of the weighted Fermat-Torricelli point
given by the following relations:
3)
and
Proof of Theorem 2:
We apply the weighted Torricelli configuration which is similar to the configuration used in [2] and we construct two similar triangles △A 1 A 2 A 3 ′ and △A 1 A 3 A 2 ′ , such that:
10) and
(2.11) From (2.11), (2.11) and (2.11), we derive that the point of intersection of the two circles which pass from A 1 , A 3 ′ , A 2 and A 1 , A 2 ′ , A 3 , respectively, is the weighted Fermat-Torricelli point A F ( fig. 1 ). Therefore, we obtain that A F is the intersection point of the lines (weighted Simpson lines) defined by A 2 A 2 ′ and A 3 A 3 ′ .
Thus, we have:
13)
14) and
By applying the sine law in △A 1 A 2 A 3 ′ and △A 1 A 3 A 2 ′ , we get, respectively,:
By replacing (2.16),(2.17) and (2.2) from lemma 2 in (2.12), (2.13), (2.14) and (2.15), we obtain (2.5), (2.6), (2.7) and (2.8).
The equations of the lines defined by A 2 A 2 ′ and A 3 A 3 ′ , respectively, are as follows:
Solving (2.18) and (2.19) with respect to (x, y) we derive the point of intersection A F = (x F , y F ), and the coordinates x F and y F are given by (2.3) and (2.4), respectively. Let C(Q, R) be the inscribed circle with center Q and radius R which passes from the vertex A i , for i = 1, 2, 3.
Each of the three central angles is given by the relation: 16) such that: 
) cot(arccos
cot(arccos
) and a 10 = 2R sin(α 013 + arccos 
Two new geometrical solutions of the weighted
Fermat-Torricelli point in the Euclidean plane
We present two new geometrical solutions to find the weighted FermatTorricelli point in the weighted floating case.
The first solution deals with the position of A 1 ′ and A 3 ′ which shall give the position of the two Simpson lines defined by A 2 and A 2 ′ and A 3 , A 3 ′ (fig. 2) The second solution deals with the generalization of Hofmann's rotation proof ( [12] , [6] ) for B 1 = B 2 , such that B 1 Figure 2 .
Problem 2. Construct the solution of Problem 1 (Weighted FermatTorricelli problem) using ruler and compass, under the condition (1.2).

Solution of Problem 2:
We need to construct the vertices A 3 ′ and A 2 ′ (see fig. 2 ).
First, we construct the vertex A 3 ′ . We select a point K which belongs to the linear segment A 1 A 2 , such that A 1 K = B 3 and we construct a triangle △A 1 KL with the other two sides A 1 L = B 2 and KL = B 3 .
Thus, lemma 1 yields
We need to calculate a 13 ′ , in order to find the location of A ′ 3 . Take a point G to the line defined by A 1 A 2 , such that A 1 A 2 = a 12 , A 2 G = B 3 where A 1 G = a 12 + B 3 and construct with a ruler and compass the perpendicular linear segment at the point G to the line defined by A 1 A 2 and take a point H such that |GH = B 2 . We denote by I the point of intersection of the line defined by A 2 H and the perpendicular line at the point A 1 with respect to the line defined by A 1 A 2 (fig. 3 ). Taking into account the similar triangles △A 1 A 2 I and △A 2 GH, we get:
Similarly, we construct the vertex A 2 ′ . We select a point M which belongs to the linear segment A 1 A 3 , such that A 1 M = B 2 and we Thus, lemma 1 yields
We need to calculate a 12 ′ , in order to find the location of A ′ 2 . Take a point Q to the line defined by A 1 A 3 , such that A 1 A 3 = a 13 , A 2 G = B 3 where A 1 Q = a 13 + B 3 and construct with a ruler and compass the perpendicular linear segment at the point Q to the line defined by A 1 A 3 and take a point R such that |RQ = B 3 . We denote by P the point of intersection of the line defined by A 3 R and the perpendicular line at the point A 1 with respect to the line defined by A 1 A 3 (fig. 4 ). Taking into account the similar triangle △A 1 A 3 P and △A 3 QR, we get: and α 132 > π−arccos −1 +
.
Solution of Problem 3:
We consider a weight B i which corresponds to the vertex A i in R 2 , for i = 1, 2, 3. By replacing B 1 = B 2 in (2.2) of lemma 2, we derive that: Proof. By replacing B 1 = B 2 = B 3 = 1 in the solution of Problem 3, we deduce that the rotation about A 3 need to be π − 120
The author is sincerely grateful to Professor Dr. Vassilios G. Papageorgiou for his very valuable comments, fruitful discussions and for his permanent attention to this work. Similarly, by differentiating (3.5) with respect to a 1 , and by replacing in the derived equation cos(α 013 ) taken from (3.5) , we obtain:
We mention a method of differentiating the length of a linear segment with respect to a variable angle, which have been used, in order to find the weighted Fermat-Torricelli point ([14, Proposition 2.6 (b)]) in R 2 . By mentioning this technique of differentiation, we correct some typographical errors which appear in [14] . Specifically, by differentiating (3.4) with respect to α 013 , we get: 
